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Concepts of field, Scalar field, Vector field and Differential Calculus  

Field : The field of a physical quantity is a region in space which has been 
modified by the presence of the physical quantity. In this region of space (field), 
the physical quantity is continuous and single valued at every point.  

Scalar Field The field is said to be scalar field, if the quantity involved is a scalar 
one. Each point of a scalar field represents a scalar value, i.e. the value of the 
quantity at a point P(x, y, z) is same regardless of the direction I approach to the 
point. Temperature of a place, electric potential, and gravitational potential are 
all examples of scalar fields.  

Vector Field If the quantity involved is a vector quantity, the field is said to be 
vector field. A vector field is a construction, which associates each point (x, y, z) in 
a space to a vector. Since a vector has no position, we typically indicate a vector 
field in graphical form by placing the vector V (x,y,z) with its tail at (x, y, 
z).Gravitational, electric and magnetic fields are all examples of vector fields.  

Ordinary Derivatives The ordinary derivative of a function of single variable: f 
(x) is represented as df/dx. It gives us df, i.e. variation in f(x) as we change the 
argument x by a tiny amount, dx.  If the function varies slowly with x, the 
derivative is correspondingly small. If it changes rapidly with x, the derivative is 
large.  Geometrical Interpretation: The derivative df/dx is the slope of the graph 
of f versus x.  

Three Dimensional Derivatives. In case of three dimensions, we have infinite 
number of directions. So in 3D, we have to take care of direction also which can 
be represented by just three variables: (x, y, z) in Cartesian system, (r, θ ,  )in 
spherical system and (r, θ, z) in cylindrical system.  In 3-D, the derivative of a 
function f(x, y, z) is represented as f, where   (pronounced as „Nabla‟) is given 

by:  =    𝚤̂  +𝚥̂ + 𝑘 +                                      (1)  



 

Operations with  

I. T (T is a scalar function)  
II.  .V (V is a vector quantity)  
III.  xV (V is a vector quantity)  

  

Vector integration 
 Four types of integrals of vectors: 

 Ordinary integrals, indefinite or definite 
 line integrals: the vector values with respect to points on a line 
 surface integrals: sum the vector values with respect to an area 

(performed as a double integral for each coordinate) 
 volume integrals: sum the vector values with respect to a volume 

(performed as a triple integral for each coordinate 

Line(path) integral  

 

The integration of a vector along a curve is called line integral

 

Consider a curve A1A2   in the vector field Ā. Consider a small element of 

length dl along the curve A1A2  . 

Then 𝐴.⃗  𝑑�⃗�  is the scalar product of the component of 𝐴.⃗ along the direction of the 

length of the element  



 

𝐀.⃗  𝑑�⃗� = 𝐀𝑑𝑙 𝑐𝑜𝑠 = (𝐀𝑐𝑜𝑠) 𝑑𝑙 

Now                     ∫  𝐀.⃗   𝑑�⃗� = ∫ (𝐀𝑐𝑜𝑠) 𝑑𝑙 

Is called the line integral of 𝐴.⃗ from A1 to A2 along the curve 1. 

 

𝐴𝑙𝑠𝑜 ∫  𝐀.⃗   𝑑�⃗� = − ∫  𝐀.⃗   𝑑�⃗� =or ∫  𝐀.⃗   𝑑�⃗� + ∫  𝐀.⃗   𝑑�⃗� = 0 

Or        ∮  𝐀.⃗   𝑑𝑙 = 0⃗ 

Where ∮   𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑎𝑟𝑜𝑢𝑛𝑑 𝑡ℎ𝑒 𝑐𝑙𝑜𝑠𝑒𝑑 𝑐𝑢𝑟𝑣𝑒. 

Such a vector field whose line integral over a closed path is zero is called 

conservative  field and a laminar vector field. 

 

Physical Applications of Line Integrals 
 
In physics, the line integrals are used, in particular, for computations of 

 mass of a wire; 

 center of mass and moments of inertia of a wire; 

 work done by a force on an object moving in a vector field; 

 magnetic field around a conductor (Ampere’s Law); 

 voltage generated in a loop (Faraday’s Law of magnetic induction 

 

 

 

 



 

 

 

SURFACE INTEGRAL 

 Consider  a surface S in the vector field 𝐴.⃗ Let dS be the area of a small element on this 

surface 

Let 𝑛 be the unit(normal) vector showing the direction of the area vector 𝑑�⃗� and be the angle between 

𝐴.⃗ and 𝑛  

The flux  of 𝐴.⃗ through the element of area dS= 𝐴.⃗ 𝑑𝑆= 𝐴.⃗ dS 𝑛 

The total flux through the whole surface S is ∯  𝐴.⃗ 𝑑�⃗� 

∯  𝐴.⃗ 𝑑�⃗� is called the surface integral of 𝐴.⃗ through the whole surface S 

 Now ∯  𝐴.⃗ 𝑑𝑆= is ∯ 𝐴.⃗ 𝑑�⃗�  𝑐𝑎𝑠 = ∯ (𝐴.⃗ 𝑐𝑎𝑠 )𝑑𝑆 

 

 𝐴.⃗ 𝑑𝑆 = (𝐴.⃗ 𝑐𝑎𝑠 )𝑑�⃗� 

Examples of Surface Integration. 

(i) If �⃗� is the velocity of a moving fluid in which fixed surface is drawn. 

Then ∯  𝑣.⃗ 𝑑𝑆= Net amount of fluid passing normally through the 

whole surface in one second. = Total fluid moving outwards through the 
surface  S in one second. 

(ii) If E is the electric field intensity , then ∯  𝐸.⃗ 𝑑�⃗�=  Total electric flux 

through a surface S. 

 

 



 

  VOLUME INTEGRAL 

The integration of a Vector along space (i.e, in three dimension) is called volume 
integral. 

Consider any volume V in a vector field 𝐴.⃗ Divide this volume in to number of 
parts  dV1, dV2,……..dVn. Consider one such small part of volume dV, then the 

volume integral of vector 𝐴 along the volume V is given by 

𝐴 𝑑V = A dV + A dV + … … . +A dV = lim
→

A dV  

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

GAUSS’S DIVERGENCE THEOREM: 

It is a general relation between the total flux and the volume integral of the 

divergence of the vector field over the volume enclosed by the Gaussian surface, 

It should not be confused with the Gauss’s law, which relates the electric flux to 

the electric charge, 

 Gauss’s divergence theorem states that the surface integral of the vector field�⃗� 

𝐸. 𝑑𝑆 = (. V)𝑑V 

Proof.  Let V be a volume taken in a vector field  E. Let the volume V be divided 

into large number of n elementary volume V1, V2, ………….Vn  as shown in fig. (A). 

Since electric flux per unit volume through a closed surface around a point is the 

divergence of the field at that point. 

 

 



 

                                     (Fig. A) 

So        

 
1

𝑉
𝐸. 𝑑𝑆 = . E 

                                           Or   ∯ 𝐸. 𝑑𝑆 == (. E)V 

Hence for n volumes 

     

𝐸. 𝑑𝑆 = (. E)V  

                                                 

𝐸. 𝑑𝑆 = (. E)V  

                                            ---------------------------------------------- 

                                         ------------------------------------------------- 

                                          

𝐸. 𝑑𝑆 = (. E)V  

                         The outward flux through the whole volume V is given by 

                      ∑ ∯ 𝐸. 𝑑𝑆 = ∑ (. E)V                     (1) 



 

             Since the surface integral of a given vector within the interior of the 
surface cancels each other. Because the surface  integral of each area element is 
in opposite direction to those of its neighbours . So we can left with the surface 
integral over the bounding surface S. 

                                                               

𝐸. 𝑑𝑆 = 𝐸. 𝑑𝑆 

So equation (1) can be written as  

                                                        ∯ 𝐸. 𝑑𝑆=∑ (. E)V  

As n  each volume V  will  shrink to zero keeping the total volume constant. 
Thus we have  

                                      ∯ 𝐸. 𝑑𝑆=lt  ∑ (. E)V                                           (2) 

As V0  then the sum of the R.H.S of equation (II) can be replaced by volume 
integral and then V   becomes dV 

   Hence equation (2) reduces to   

    ∯ 𝐸. 𝑑𝑆 = ∭ (. 𝐸)𝑑𝑉 

 This is Gauss’s divergence theorem.  

 

                                               

 

 

 

 



 

STOKES’S THEOREM 

It  states  that the line integral of a vector �⃗� over a closed curve C is equal to 

surface of curl of �⃗� taken over an open surface S bounded by curve C 

Mathematically 

∮ �⃗�  𝑑𝑙= ∬ (xE). ds 

Proof.  Consider any surface S having its boundary as a closed curve C. It is placed 

in an electric field �⃗�, then the line integral of vector field �⃗� along a closed curve is  

𝐸  𝑑𝑙 

Where 𝑑�⃗� is the length of a small element of the path. 

Divide this area into a large number of small area such a S1 ,  V2----------Sn  
bounded by a closed curves C1, C2, --------Cn  respectively ( Fig. 1.14.1) 



 

 



 

Electrostatics 

 

Electrostatics is a branch of Physics that studies electric charges at rest. 

 

An electrostatic effect: styrofoam peanuts clinging to a cat's fur due to static 
electricity. The triboelectric effect causes an electrostatic charge to build up 
on the surface of the fur due to the cat's motions. The electric field of the 
charge causes polarization of the molecules of the styrofoam due 
to electrostatic induction, resulting in a slight attraction of the light plastic 
pieces to the charged fur. This effect is also the cause of static cling in 
clothes. 

Since  in classical physics, it has been known that some materials, such 
as amber, attract lightweight particles after rubbing. The Greek word for 
ambe, or electron, was the source of the word 'electricity'. Electrostatic 
phenomena arise from the forces that electric charges exert on each other. 
Such forces are described by Coulomb's law. Even though electrostatically 
induced forces seem to be rather weak, some electrostatic forces such as 
the one between an electron and a proton, that together make up 
a hydrogen atom, is about 36 orders of magnitude stronger than 
the gravitational force acting between them. 

There are many examples of electrostatic phenomena, from those as 
simple as the attraction of the plastic wrap to one's hand after it is removed 
from a package to the apparently spontaneous explosion of grain silos, the 
damage of electronic components during manufacturing, 
and photocopier & laser printer operation. Electrostatics involves the 
buildup of charge on the surface of objects due to contact with other 
surfaces. Although charge exchange happens whenever any two surfaces 



 

contact and separate, the effects of charge exchange are usually only 
noticed when at least one of the surfaces has a high resistance to electrical 
flow. This is because the charges that transfer are trapped there for a time 
long enough for their effects to be observed. These charges then remain on 
the object until they either bleed off to ground or are quickly neutralized by 
a discharge: e.g., the familiar phenomenon of a static "shock" is caused by 
the neutralization of charge built up in the body from contact with insulated 
surfaces. 

 

Electrostatic field: The electric field, 𝐸, in units 
of newtons per coulomb or volts per meter, is  vector field that can be 
defined everywhere, except at the location of point charges (where it 
diverges to infinity). It is defined as the electrostatic force �⃗� in newtons on a 
hypothetical small test charge at the point due to Coulomb's Law, divided 
by the magnitude of the charge q in coulombs 

  �⃗� =  

 

Electric field lines are useful for visualizing the electric field. Field lines 
begin on positive charge and terminate on negative charge. They are 
parallel to the direction of the electric field at each point, and the density 
of these field lines is a measure of the magnitude of the electric field at 
any given point 

 

 



 

    

 

    

The electrostatic field
charge (+) causes the mobile charges in conductive objects to separate 
due to electrostatic induction
move to the surface of the object facing the external charge. Positive 
charges (red) are repelled and move to the
induced surface charges are exactly the right size and shape so their 
opposing electric field cancels the electric field of the external charge 
throughout the interior of the metal. Therefore, the electrostatic field 
everywhere inside a conductive object is zero, and the
potential is constant 

Electric Flux 

In electromagnetism, electric flux
field through a given surface
It is a way of describing the electric field strength at any distance from the 
charge causing the field.

The electric field E can exert a force on an electric charge at any point in 
space. The electric field is proportional to the

  

      

electrostatic field (lines with arrows) of a nearby positive 
causes the mobile charges in conductive objects to separate 

electrostatic induction. Negative charges (blue) are attracted and 
move to the surface of the object facing the external charge. Positive 

are repelled and move to the surface facing away. These 
induced surface charges are exactly the right size and shape so their 
opposing electric field cancels the electric field of the external charge 
throughout the interior of the metal. Therefore, the electrostatic field 

inside a conductive object is zero, and the

electric flux is the measure of the
through a given surface although an electric field in itself cannot flow. 

of describing the electric field strength at any distance from the 
charge causing the field. 

The electric field E can exert a force on an electric charge at any point in 
space. The electric field is proportional to the gradient of the voltage.

  

of a nearby positive 
causes the mobile charges in conductive objects to separate 

are attracted and 
move to the surface of the object facing the external charge. Positive 

surface facing away. These 
induced surface charges are exactly the right size and shape so their 
opposing electric field cancels the electric field of the external charge 
throughout the interior of the metal. Therefore, the electrostatic field 

inside a conductive object is zero, and the electrostatic 

is the measure of the electric 
although an electric field in itself cannot flow. 

of describing the electric field strength at any distance from the 

The electric field E can exert a force on an electric charge at any point in 
of the voltage. 



 

 

    

 

An electric "charge," such as a single electron in space, has an electric field 
surrounding it. In pictorial form, this electric field is shown as a dot, the 
charge, radiating "lines of flux".
of these lines corresponds to the electric field strength, which could also be 
called the electric flux density: the number of "lines" per unit area. Electric 
flux is proportional to the total number of electric
surface. For simplicity in calculations, it is often convenient to consider a 
surface perpendicular to the flux lines. If the electric field is uniform, the 
electric flux passing through a surface of

 

 ΨE  =E.S=ES cas 

where E is the electric field 

magnitude, S is the area of the surface, and

the electric field lines and the normal (perpendicular) to

For a non-uniform electric field, the electric flux
surface area dS is given by

d ΨE=  E.ds 

(the electric field,
perpendicular to the field). The electric flux over a surface
therefore given by the

ΨE=∬ 𝑬. 𝒅𝒔
𝒔

 

  

An electric "charge," such as a single electron in space, has an electric field 
surrounding it. In pictorial form, this electric field is shown as a dot, the 
charge, radiating "lines of flux". These are called Gauss lines. The density 
of these lines corresponds to the electric field strength, which could also be 
called the electric flux density: the number of "lines" per unit area. Electric 
flux is proportional to the total number of electric field lines
surface. For simplicity in calculations, it is often convenient to consider a 
surface perpendicular to the flux lines. If the electric field is uniform, the 
lectric flux passing through a surface of vector area S is 

is the electric field (having units of

is the area of the surface, and θ is the angle between 

the electric field lines and the normal (perpendicular) to

uniform electric field, the electric flux dΨE

given by 

(the electric field, E, multiplied by the component of area 
perpendicular to the field). The electric flux over a surface
therefore given by the surface integral: 

 

An electric "charge," such as a single electron in space, has an electric field 
surrounding it. In pictorial form, this electric field is shown as a dot, the 

These are called Gauss lines. The density 
of these lines corresponds to the electric field strength, which could also be 
called the electric flux density: the number of "lines" per unit area. Electric 

field lines going through a 
surface. For simplicity in calculations, it is often convenient to consider a 
surface perpendicular to the flux lines. If the electric field is uniform, the 

(having units of V/m), E is its 

is the angle between 

the electric field lines and the normal (perpendicular) to S. 

E through a small 

, multiplied by the component of area 
perpendicular to the field). The electric flux over a surface S is 



 

 

where E is the electric field and dS is a differential area on the 
closed surface S with an outward facing surface normal defining 
its direction. 

For a closed Gaussian surface, electric flux is given by: 

                                 ΨE=∯ 𝑬. 𝒅𝒔 =
𝑸

∈𝟎𝒔
        

where 

E is the electric field, 

S is any closed surface, 

Q is the total electric charge inside the surface S, 
ε0 is the electric constant (a universal constant, also called the 
"permittivity of free space") (ε0 ≈ 8.854 187 817... x 
10−12 farads per meter (F·m−1)). 

This relation is known as Gauss' law for electric 
field in its integral form and it is one of the four Maxwell's equations. 

While the electric flux is not affected by charges 
that are not within the closed surface, the net electric field, E, in the 
Gauss' Law equation, can be affected by charges that lie outside the 
closed surface. While Gauss' Law holds for all situations, it is most 
useful for "by hand" calculations when high degrees of symmetry 
exist in the electric field. Examples include spherical and cylindrical 
symmetry. 

Electrical flux has SI units of volt meters (V m), or, 
equivalently, newton meters squared per coulomb (N m2 C−1). Thus, 
the SI base units of electric flux are kg·m3·s−3·A−1. Its dimensional 
formula is [L3MT−3I−1]. 

 

Gauss’s  Law 

Gauss’s law, also known as Gauss’s flux theorem, is a law relating the 
distribution of electric charge to the resulting electric field. 



 

The law was formulated by Carl Friedrich Gauss (see ) in 1835, but was not 
published until 1867. It is one of the four Maxwell’s equations which form 
the basis of classical electrodynamics, the other three being Gauss’s law 
for magnetism, Faraday’s law of induction, and Ampère’s law with 
Maxwell’s correction. 

 

Gauss’s law can be used to derive Coulomb’s law, and vice versa. Note 
that since Coulomb’s law only applies to stationary charges, there is no 
reason to expect Gauss’s law to hold for moving charges based on this 
derivation alone. In fact, Gauss’s law does hold for moving charges, and in 
this respect Gauss’s law is more general than Coulomb’s law. 

In words, Gauss’s law states that: The net outward normal electric flux 
through any closed surface is proportional to the total electric charge 
enclosed within that closed surface. 

The law can be expressed mathematically using vector calculus in integral 
form and differential form, both are equivalent since they are related by the 
divergence theorem, also called Gauss’s theorem. Each of these forms in 
turn can also be expressed two ways: In terms of a relation between the 
electric field E and the total electric charge, or in terms of the electric 
displacement field D and the free electric charge. 

Gauss’s law has a close mathematical similarity with a number of laws in 
other areas of physics, such as Gauss’s law for magnetism and Gauss’s 
law for gravity. In fact, any “inverse-square law” can be formulated in a way 
similar to Gauss’s law: For example, Gauss’s law itself is essentially 
equivalent to the inverse-square Coulomb’s law, and Gauss’s law for 
gravity is essentially equivalent to the inverse-square Newton’s law of 
gravity. 

 



 

The total of the electric flux out of a closed surface is equal to 
the charge enclosed divided by the

 
 

The electric flux through an area is defined as the
of the surface projected in a plane perpendicular to the field. Gauss's Law is a general 
law applying to any closed surface. It is an important tool since it permits the 
assessment of the amount of enclosed charge by mapping the field on a surface 
outside the charge distribution. For geometries of sufficient symmetry, it simplifies 
the calculation of the electric field.

Another way of visualizing this is to consider a probe of area A which can measure 
the electric field perpendicular to that area. If it pic
over that surface, measuring the perpendicular field times its area, it will obtain a 
measure of the net electric charge within the surface, no matter how that internal 
charge is configured. 

 

 

 

Gauss's Law 

The total of the electric flux out of a closed surface is equal to 
enclosed divided by the permittivity

through an area is defined as the electric field multiplied by the area 
of the surface projected in a plane perpendicular to the field. Gauss's Law is a general 
law applying to any closed surface. It is an important tool since it permits the 
assessment of the amount of enclosed charge by mapping the field on a surface 

the charge distribution. For geometries of sufficient symmetry, it simplifies 
the calculation of the electric field. 

Another way of visualizing this is to consider a probe of area A which can measure 
the electric field perpendicular to that area. If it picks any closed surface and steps 
over that surface, measuring the perpendicular field times its area, it will obtain a 
measure of the net electric charge within the surface, no matter how that internal 

The total of the electric flux out of a closed surface is equal to 
permittivity. 

 

multiplied by the area 
of the surface projected in a plane perpendicular to the field. Gauss's Law is a general 
law applying to any closed surface. It is an important tool since it permits the 
assessment of the amount of enclosed charge by mapping the field on a surface 

the charge distribution. For geometries of sufficient symmetry, it simplifies 

Another way of visualizing this is to consider a probe of area A which can measure 
ks any closed surface and steps 

over that surface, measuring the perpendicular field times its area, it will obtain a 
measure of the net electric charge within the surface, no matter how that internal 



 

Gauss’s Theorem Statement: 

According to Gauss’s theorem the net-outward normal electric flux through 
any closed surface of any shape is equivalent to 1/ε0 times the total amount 
of charge contained within that surface. 
Impotance of Gauss’s theorem 

The ultimate goal of Gauss's law in electrostatics is to find the electric field 
for a given charge distribution, enclosed by a closed surface. The 
determination of electric field becomes much simpler if the body due to 
closed surface exhibits some symmetry in relation to the given charge 
distribution. 

GAUSS’S LAW OF DIFFERENTIAL FORM 

 When a charge is distributed into a volume having uniform volume charge 
density ‘ then charge enclosed   by Gaussian surface is described by expression:  

   q =   ∫  𝐝𝐯
𝒗

 

By Gauss’s law:      

    ∮ 𝑬.⃗ 𝒅𝑨 =
𝒒

€
  

                       ∮ 𝑬.⃗ 𝒅�⃗� =
𝟏

€
∫  𝐝𝐯

𝒗
                                      --------------------------(1) 

By Gauss’s Divergence theorem. 

                   ∮ 𝑬.⃗ 𝒅�⃗�= ∫  𝐝𝐢𝐯 𝐄𝐯
𝒗

                                 ----------------------------------(2) 

Comparing (1) and (2)  we have 

               ∫  𝐝𝐢𝐯 𝑬.⃗ 𝐝𝐯
𝒗

=
𝟏

€
∫  𝐝𝐯

𝒗
 

                            ∫  𝐝𝐢𝐯𝑬.⃗  𝐝𝐯
𝒗

−
𝟏

€
∫  𝐝𝐯

𝒗
= 𝟎 

                           ∫ ( 𝐝𝐢𝐯𝑬.⃗ 
𝒗

−
𝟏

€
)𝒅𝒗 = 𝟎 



 

                       div 𝑬 ⃗- 𝟏

€
 = 𝟎 

                     div 𝑬 ⃗=    𝟏

€
 

This is the differentional form of Gauss’s law 


