
EQUATION OF CONTINUITY: 

According to the principle of conservation of charge, electric charges cannot be created or 

destroyed. Charges are generated only in pairs of a positive and a negative charge. Therefore, in 

an electrically neutral conductor, the negative charges of the free electrons are counterbalanced 

by the positive charges of the ionized lattice atoms; the net charge is zero in a discharged 

conductor. Certainly, the recombination of an electron with an ionized atom exactly consumes 

one negative and one positive charge, without changing the net charge in the conductor. The 

principle of conservation of charge is a law of nature, which is known as the equation of 

continuity in electromagnetics. Let us consider the net current flowing out of a closed surface S. 

The net current can be obtained by the integral of the current density J over the closed surface S, 

that is 

𝐼𝐼 = ∮ 𝐽𝐽.𝒅𝒅𝒅𝒅𝑠𝑠       (1) 

 

For simplicity, let us assume that the current is generated by the positive charges in motion. If 

the net current I flowing out of the closed surface S is nonzero, the total charge Q enclosed by the 

surface should decrease in accordance with the principle of conservation of charge, i.e., 

𝐼𝐼 = −𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= − 𝑑𝑑
𝑑𝑑𝑑𝑑 ∫ 𝜌𝜌𝑣𝑣𝑣𝑣 𝑑𝑑𝑣𝑣         (2) 

 
where 〉v is the volume charge density, and V is the volume enclosed by S. With the help of 
divergence theorem, combination of Eq. 1 with Eq. 2 leads to 
 

∫ ∇. J𝑣𝑣 𝑑𝑑𝑣𝑣 = − 𝑑𝑑
𝑑𝑑𝑑𝑑 ∫ 𝜌𝜌𝑣𝑣𝑣𝑣 𝑑𝑑𝑣𝑣       

 
=∫ (−𝑑𝑑𝜌𝜌𝑣𝑣

𝑑𝑑𝑑𝑑
)𝑣𝑣 𝑑𝑑𝑣𝑣     (3) 

 
In the above equation, the time derivative is taken inside the volume integral, because V is 
independent of time. Next, noting that V may be arbitrary only if it encloses all charges, the 
integrands in Eq. (3) should be the same at every point in V for the equality. Namely, 
 

∇. J = −𝜕𝜕𝜌𝜌𝑣𝑣
𝜕𝜕𝑑𝑑

       (4) 
 

This equation is referred to as the equation of continuity, stating that 

The net current flowing out of a closed surface is equal to the time rate of decrease of the 

charge enclosed by the surface. 



The current density J in Eq. (4) may be the conduction or the convection current density, or both. 

Under static conditions, the charge density 〉v is independent of time, and thus Eq. (4) becomes 

∇. J = 0       (5) 
 
Upon taking the integral of Eq. (5) over a volume V, and applying divergence theorem, we have  
   ∮ J. dss = 0 

= ∫ J. ds𝑠𝑠1 + ∫ J. ds𝑠𝑠2 + ∫ J. ds𝑠𝑠3 + ⋯    (6) 
 
Here, the closed surface integral of J over S is broken up into the integrals of J over the parts 

comprising S. Each term on the right-hand side of Eq. (6) represents the current through a part of 

S, as shown in Figure below. Rewriting Eq. (6) in terms of the currents, we obtain Kirchhoff’s 

current law, i.e., 

∑ Jij = 0        (7) 
 
It states that the sum of all the currents flowing out of a junction is zero. 

 
 
 
 
 
 
 
 
 
 
 



ELECTROMAGNETIC INDUCTION: FARADAY’S LAW: 
 

In 1831, Micheal Faraday (1791-1867) discovered an effect that complemented 

Oerested’s principle of a magnetic field created by a moving charge. Faraday’s law states: 

A magnetic field that is moving or changing intensity near a conductor causes or induces 

electron flow in the conductor. 

Figure 1 illustrates how moving conductor near a magnetic field causes a very small current to 

flow in the conductor. 

 

 
Fig. 1: Current flows through a conductor in a changing field. 
 
Our knowledge of conductors and electromagnets helps us predict that coiling the wire into a 

helix with a smaller cross-sectional area makes a big difference in the amount of current 

produced. 

In figure 2, our magnet causes current to flow when plunged into or pulled out of a coil of wire. 

Putting the magnet into the coil pushes current in one direction, but pulling it out causes the 

current to move in the opposite direction. Moving the magnet in and out continuously causes the 

current to move back and forth continuously in what is called an alternating current (AC). If you 

stop moving the magnet, the current also stops. 



  Figure 2: Coiling a Conductor induces a large current. 
 
If the current flow can create a magnetic field (Oersted’s Pricniple), then a moving magnetic 

field can, in turn, cause current to flow. Figure 3 shows a diagram of Faraday’s iron ring 

apparatus that summarizes the connection between the two principles of electricity and 

magnetism. 

  Figure 3: Faraday’s iron ring Apparatus. 
 
With no electrical connection between the two coils, the primary coil on the left causes the entire 

ring to become an electromagnet, with the north end at the top and the south end at the bottom. 

The ring formation simulates a north magnet entering the top of the secondary coil, which 

induces current to flow. Once the entire magnetic field is established, the induced current in the 

secondary coil stops flowing, just as it did in the coil in figure 2, when the magnet stopped 

moving. When the electromagnet is shut off, the current begins to flow again briefly, but is 

reverse, and the induced field collapses as thought the north magnet was removed. This example 

illustrates the necessity for a constantly changing, dynamic magnetic field to keep this current 

flowing, even if the current alternates its direction. The iron ring apparatus is the basis for a 

major practical application of this technology, the transformer. 

 

 



LENZ'S LAW: 
Lenz's law is a very useful statement about the direction of the induced electric field (E) in 

electromagnetic induction. It is a corollary of Faraday's Law. Faraday's Law is a statement about 

the fields. The direction of the induced E follows from: 

ε = −𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

     (1) 
(OR) 

 
∇xE = −𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
      (2) 

If the thumb of your right hand points opposite to the direction of the change of B, then the 

fingers curl in the direction of E.  

Lenz's law is a statement about the direction of the induced current if a conductor is present: 

If a conducting loop forms a closed curve C in a changing magnetic field, then the direction of 

the induced current opposes the change of B.  Let's check that this statement is right. Let the 

thumb of your right hand point opposite to the change of B. The fingers then curl in the direction 

of the current driven by the induced E; the magnetic field produced by that current is in the 

direction of your thumb (by Ampere's Law) opposite to the change of B. Thus the induced 

current opposes the change of B. In other words, the current induced by a changing B field flows 

in the direction that tends to keep the flux from changing. The principle is illustrated in Figure l. 

But note that the field of the induced current does not cancel the change of B; the flux is hanging. 

 

 
Figure 1: Lenz’s Law. S is a surface bounded by conducting loop C. As the magnetic field moves 

towards C, the flux through S increases, and the field at a point on S changes at the rate dB/dt.  
 



Lenz's law is helpful when we need to figure out the direction of the induced electric field. Of 

course we can always derive the direction by a very careful application of Stokes's theorem, 

remembering that the directions of dA of S and di. of C are related by the right-hand rule. But it 

is usually easier to apply Lenz's law, by imagining what would happen if a conductor were 

present. 

SELF-INDUCTION: 
 
An inductor is a circuit device that stores energy in a magnetic field. In this section we will 

consider self-inductance of a conducting loop. If a conducting loop carries current I then the 

magnetic flux φ through the area bounded by the loop is, by the Biot-Savart law, proportional to 

I: 

φ = 𝐿𝐿. 𝐼𝐼     (1) 
 

(This assumes any magnetic materials in the system are linear.) The constant of proportionality 

L, called the self-inductance, depends on the geometry (size and shape) of the loop, but not on 

the current. The SI unit of inductance is the henry (H), which is equal to Tm2/A, or Wb/A. 

If I changes then there is an induced EMF ε around the loop by Faraday's Law, 

 

𝜀𝜀 = −𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −𝐿𝐿 𝑑𝑑𝐼𝐼
𝑑𝑑𝑑𝑑

    (2) 
This EMF is called a back EMF because by Lenz's law it opposes any change of I. 
 
Suppose the solenoid has N turns of wire, length l, and cross section A. From magnetostatics the 

magnetic field in the solenoid is B = μ˳NI/l in the direction parallel to the axis. The magnetic 

flux through the area enclosed by one loop of wire is BA, and the total flux, summed over all 

loops of the solenoid, is φ = BAN. Therefore the self-inductance is; 

𝐿𝐿 = 𝑑𝑑
𝐼𝐼

= 𝜇𝜇0𝑁𝑁2𝐴𝐴
𝑙𝑙

   (3) 
Equation (3) is the inductance for a cylindrical solenoid with any cross sectional shape-it need 

not be circular. The self-inductance per unit length L/l of a long solenoid, denoted L', is μ˳n2 A, 

where n = N /l is the number of turns per unit length. 

 
 
 
 



 
MUTUAL INDUCTION: 
 
Consider a general system of interacting current loops Cl, C2, C3,….. For steady currents I1, I2, I3,  

. . . the magnetic field is the superposition of the fields from the individual loops, and is linear in 

each of the currents. The magnetic flux φi through loop Ci is a linear combination of the currents, 

 
𝑑𝑑𝑖𝑖 = 𝐿𝐿𝑖𝑖𝐼𝐼𝑖𝑖 + ∑ 𝑀𝑀𝑖𝑖𝑖𝑖 𝐼𝐼𝑖𝑖𝑖𝑖≠𝑖𝑖      (1) 

 

Here Li is the self-inductance of Ci, and Mij is the mutual inductance of Ci and Cj. The 

inductances depend on the geometry of the system, but not on the currents. The unit of mutual 

inductance is the henry (H), the same as self-inductance. 

We define Mij=φij/Ij, where φij is the flux through loop Ci of the magnetic field produced by Ij. 

Similarly, Mji = φij/Ii. The simplest case is two loops. In that case M21 = φ21/I1 is the flux through 

loop 2 due to unit current in loop 1; MI2 = φ12/I2 is the flux through loop 1 due to unit current in 

loop 2. We shall prove that these mutual inductances are in fact equal. In general, Mij = Mji. Let 

B j denote the field produced by Ij, and Aj the corresponding vector potential, so that  
𝑑𝑑𝑖𝑖 = ∇ × 𝐴𝐴𝑖𝑖 . The flux φij is 

𝑀𝑀𝑖𝑖𝑖𝑖 𝐼𝐼𝑖𝑖 = ∫ 𝑑𝑑𝑖𝑖𝑠𝑠𝑖𝑖
.𝑑𝑑𝑑𝑑𝑖𝑖 = ∮ 𝐴𝐴𝑖𝑖𝐶𝐶𝑖𝑖

(𝑋𝑋𝑖𝑖).𝑑𝑑𝑙𝑙𝑖𝑖     (2) 
 
Where Si is a surface bounded by Ci. The general formula for the vector potential for this case is  
 

𝐴𝐴𝑖𝑖 (𝑋𝑋𝑖𝑖) = 𝜇𝜇0
4𝜋𝜋 ∮

𝐼𝐼𝑖𝑖𝑑𝑑𝑙𝑙𝑖𝑖
�𝑋𝑋𝑖𝑖−�𝑋𝑋𝑖𝑖 ��𝐶𝐶𝑖𝑖

      (3) 
 

Substituting this result into (2), and canceling the common factor Ij, we find an equation for the 

mutual inductance as; 

𝑀𝑀𝑖𝑖𝑖𝑖 = 𝜇𝜇0
4𝜋𝜋 ∮

𝑑𝑑𝑙𝑙𝑖𝑖 .𝑑𝑑𝑙𝑙𝑖𝑖
�𝑋𝑋𝑖𝑖−�𝑋𝑋𝑖𝑖 ��𝐶𝐶𝑖𝑖𝐶𝐶𝑖𝑖

       (4) 

 
a result known as Neumann's equation. This result shows explicitly that Mij is entirely 

determined by the geometry of the system. Also, the double integral is unchanged if we 

interchange the subscripts i and j, proving that Mij = Mji. For the simplest case-two loops-this 

becomes M12 = M21 . That means that for any two loops, the flux through loop 1 due to unit 



current in loop 2 is the same as the flux through loop 2 due to unit current in loop 1, a remarkable 

result. 

There is no expression analogous to (4) for self-inductance. In fact, (4) is an approximation: We 

have treated the currents as one-dimensional curves, which is a good approximation if the wire 

diameter is small compared to all other distances. But this approximation would break down for 

self-inductance. The general expression (4) looks pretty unwieldy (a double line integral) but it 

can be evaluated analytically in simple cases. More importantly the result Mij = Mji is handy for 

finding mutual inductances, because one of Mij or Mji might be easier to figure out than the 

other. 

THE MAXWELL EQUATIONS: 
Before the development of field theory by Faraday and Maxwell, electric and magnetic 

phenomena were ascribed to "action at a distance" between charges and between currents. Action 

at a distance refers to the experimental observation that charges or currents exert forces on each 

other even though they are not in contact. The Coulomb force between static charges, and the 

force between currents explored by Ampere, both appear to be examples of action at a distance. 

Faraday, from his extensive experience with experiments on electricity and magnetism, 

developed the idea that there must be something physical in the space around charges and 

currents, which he called lines of force. This idea was the kernel of field theory.  

Maxwell expressed Faraday's idea in four partial differential equations-local relations-of 

fields and sources. Maxwell coined the phrase electromagnetic field as the name for his theory, 

because the action takes place not at a distance, but locally in the space around the sources. 

Maxwell's equations were published in 1864, and we still use the same equations today. This 

theory has really stood the test of time! 

The interaction between charges in field theory is quite different from action at a 

distance. A charge creates an associated electromagnetic field throughout the surrounding space; 

another charge experiences a force exerted by the local field at its position. The fields have 

energy and momentum. They are not mere mathematical constructions, but have just as much 

physical reality as the charges. From this viewpoint, the answer to the question "What is the 

Universe made of?" is "particles and fields." Maxwell's mathematical theory revealed that light is 

an electromagnetic phenomenon. Also, it predicted the existence of other forms of 

electromagnetic radiation, unknown at the time, such as radio waves and X rays. The theory led 



to great advances in technology. Recent applications of the theory are cellular telephones, 

positional devices for global navigation, and communication with spacecraft. 

 
THE MAXWELL EQUATIONS IN VACUUM AND THE DISPLACEMENT CURRENT: 
 
The Maxwell equations express relations between the electromagnetic fields E(x, t) and B (x, t), 

and between the fields and their sources. We start our study by presenting the Maxwell equations 

in vacuum. 

In considering Maxwell's equations in vacuum, we don't necessarily mean in empty space. We 

have in mind a space in which there are sources, generally varying in time, of charge p (x, t) and 

of current J(x, t). We may think of these as ideal sources, i.e., not associated with matter. In 

reality currents flow in wires and charge resides in electrons or ions; real physical sources are 

associated with matter. But for many practical problems-and the Maxwell equations in vacuum 

have wide-ranging practical applications-the vacuum equations, with idealized sources, are an 

accurate description of electromagnetic phenomena. In such cases the material properties of the 

physical sources can be neglected. On the other hand, if materials are present with significant 

magnetic or electric susceptibilities, then bound charge and current must be taken into account. 

We have already studied three of the Maxwell equations, 

∇.𝐸𝐸 = 𝜌𝜌
𝜀𝜀0

     (1) 

∇.𝑑𝑑 = 0     (2) 

∇ × E = −𝜕𝜕𝑑𝑑
𝜕𝜕𝑑𝑑

     (3) 

Equations (1) to (3) are correct and complete as they stand. They hold for time-dependent 

systems as well as for static systems. The first (1) is Gauss's Law for the electric field E and 

charge density p, which states that the electric field diverges from charges. The second (2) is 

Gauss's Law for the magnetic field B, which states that there are no magnetic monopoles, i.e., no 

isolated point like magnetic sources. Equivalently, lines of B are closed loops. The third equation 

(3) is Faraday's Law of electromagnetic induction, which states that E curls around the rate of 

change of B if B varies in time. 

Another necessary equation in electrodynamics is the continuity equation which expresses the 

local conservation of charge as; 

 



∇. J = −𝜕𝜕𝜌𝜌
𝜕𝜕𝑑𝑑

        (4) 
In words, electric charge is conserved throughout space: the current flux away from a point is 

equal to the rate of decrease of the charge at that point. In addition to the above equations, we 

have previously studied Ampere's Law for magnetostatics: 

 
∇ × B = 𝜇𝜇0J  (Magnetostatics)    (5) 

Equation (5) states that electric current is a source of magnetic field, and B curls around a 

constant current. Although (5) is true for time-independent currents, it is not complete and it 

must be modified for time-dependent problems. The modification consists of an additional term, 

called the displacement current, added to the right-hand side, which we will derive presently. 

Remarkably, it is possible to construct the complete equation by a purely theoretical analysis, 

which is how it was found originally by Maxwell. 

Maxwell was the first theorist to construct differential equations such as (1) to (5) for 

electromagnetism. But he found that (1) to (5) are not mathematically self-consistent. 

Specifically, there is an inconsistency between ( 5) and (4) if the charge system is not static. To 

understand this point, let's first examine the divergence of ( 3), which will prove to be consistent, 

and then the divergence of (5), which will prove to be inconsistent for nonstatic electric fields. In 

the case of Faraday's Law, the divergence of the left-hand side of (3) is 0, because the divergence 

of the curl of any vector is 0; and the divergence of the right-hand side is also 0, by ( 2) 

 

∇. �∂B
∂t
� = 𝜕𝜕

𝜕𝜕𝑑𝑑
(∇.𝑑𝑑) = 0     (6) 

 
Thus equations (3) and (2) are consistent. But now consider the case of Ampere's Law from 

Magnetostatics (5): Again the divergence of the left-hand side is 0. But the divergence of the 

right-hand side is in general not 0, by (4). Equations (5) and (4) are thus inconsistent for time-

dependent systems. 

 

THE DISPLACEMENT CURRENT: 

Maxwell made the equations of electromagnetic fields consistent by modifying (5), for the 

general time-dependent case, adding another source term that he called the displacement current. 

The complete equation, in vacuum, is the fourth Maxwell equation 



∇ × B = 𝜇𝜇0J + 𝜇𝜇0𝜀𝜀0
𝜕𝜕𝐸𝐸
𝜕𝜕𝑑𝑑

     (7) 
 

We may call this equation the Ampere-Maxwell Law. It is consistent with the others. The 

divergence of the left-hand side of (1 1 .7) is ° as before. The divergence of the right-hand side is 

also 0:  The divergence of J is ∇. J = −𝜕𝜕𝜌𝜌
𝜕𝜕𝑑𝑑

 by conservation of charge, and the divergence of 

𝜀𝜀0
𝜕𝜕𝐸𝐸
𝜕𝜕𝑑𝑑

= + 𝜕𝜕𝜌𝜌
𝜕𝜕𝑑𝑑

 by Gauss's Law. The four Maxwell equations, (1) to (3) and (7), along with the 

continuity equation ( 4), are a self-consistent theory of the  electromagnetic field. These are the 

field equations in vacuum. They are tabulated in the second column of Table 1. 

These equations speak to us if we understand the language of vector calculus. Faraday's Law 

tells us that a changing magnetic field acts as a source of electric field, as E curls around the 

change of B. The Ampere-Maxwell Law says that a changing electric field acts as a source of 

magnetic field, similarly. Maxwell named this source of B the displacement current. The 

displacement current density in vacuum is defined as; 

J𝐷𝐷 =  𝜀𝜀0
𝜕𝜕𝐸𝐸
𝜕𝜕𝑑𝑑

= 𝜕𝜕𝐷𝐷
𝜕𝜕𝑑𝑑

     (8) 

Where D = ε˳E is the displacement field in vacuum. That is, the Ampere-Maxwell Law is; 

∇ × 𝑑𝑑 = 𝜇𝜇0(J + JD      (9) 

Both charge current J(x, t) and displacement current JD(X, t) create the magnetic field. In fact, it 

is possible to have a magnetic field without any charge current at all, created only by an electric 

field that varies in time. Well this phenomenon occurs in electromagnetic waves. By integrating 

(9) over an open surface S with boundary curve C, and applying Stokes's theorem, we obtain the 

Ampere-Maxwell Law in integral form: 

 
∮ 𝑑𝑑.𝑑𝑑𝑙𝑙𝐶𝐶 = 𝜇𝜇0 ∫ (J + JD).𝑑𝑑𝐴𝐴𝑑𝑑     (10) 

 
This can be written more simply as; 

 
∮ 𝑑𝑑.𝑑𝑑𝑙𝑙𝐶𝐶 = 𝜇𝜇0(I + ID )     (11) 

 
Where I is the charge current and ID is the displacement current through S.  

In laboratory systems of charges and currents, the displacement current is normally very small 

compared to typical charge currents, which explains why the displacement current was not 

discovered experimentally before Maxwell's theory. To observe JD experimentally requires high 



frequencies, large E, or both. Nevertheless, the displacement current is an essential part of 

electromagnetism because it is necessary to the propagation of electromagnetic waves, as we 

shall see. Indeed, the first experimental confirmation of the displacement current came with 

Hertz's laboratory demonstration of electromagnetic waves in 1887, more than 20 years after the 

publication of Maxwell's theory. A later direct laboratory observation of the displacement 

current, i.e., not in electromagnetic waves but in a system of charges and currents, was an 

ingenious experiment by M. R. Van Cauwenberghe in 1929.  

The Maxwell equations have wave solutions (Sec. 11.5) that describe light and other forms of 

electromagnetic radiation. The first production of electromagnetic waves in a laboratory 

experiment, which verified the Maxwell theory, was by Heinrich R. Hertz (1857-1894) in 1887. 

He discharged an induction coil through a spark gap, and observed small sparks in the spark gap 

of a receiver coil across the room. After studying this small effect in detail, he explained it as a 

consequence of electromagnetic waves traveling from the induction coil to the receiver. Hertz 

made this discovery as a result of basic scientific research, whose purpose was to clarify the role 

of electrical oscillations in Maxwell's theory. But Hertz's research had an immensely important 

practical application because it led to the development of radio communication. The waves he 

produced and whose properties he studied had wavelengths around 10 m; i.e., frequency 30 

MHz, which falls between the AM and FM radio frequency bands and is now used for amateur 

hf-radio.  

The Maxwell equations are a unified field theory of electricity and magnetism. 

Furthermore, optics is a part of the theory, because light is an electromagnetic phenomenon 

described by Maxwell's equations. 

 

POYNTING'S THEOREM: 

What is energy? Energy is a conserved quantity, defined by equations, associated with the ability 

to do work. A defining property of energy is that the total energy in an isolated system is 

constant. More precisely, if work is done by one part of the system on another part, then the first 

part loses energy equal to the work done and the second part gains an equal amount of energy. 

In the case of field energy, an even stronger statement is true: Energy is not just conserved 

overall, but it is locally conserved, i.e., point-by-point in space. To derive the correct equations 

for the energy density and energy flux, we require that energy be locally conserved. 



We studied in Chapter 7 another example of a local conservation law –conservation of electric 

charge. The equation for charge conservation is the continuity equation (11.4) where J is the flux 

and p is the density. Recall from Sec. 7.2 that local conservation of charge implies that if the net 

charge within volume changes, then there must be a corresponding current flow, i.e., a net flux of 

charge, across the boundary surface. We will derive the formulas for energy flux and energy 

density by demanding that they satisfy a conservation equation. 

For the case of energy, picture an arbitrary volume, either finite or infinitesimal, containing 

charges and fields as in Figure below. If the total energy inside this volume is to change then 

there must be a net energy flux across the boundary surface. It is necessary to account for both 

the field energy and the kinetic energy of the charged particles, because in general the fields and 

particles will exchange energy as they interact. That is, we seek an equation of the form; 

 

∇. S = −𝜕𝜕𝜕𝜕
𝜕𝜕𝑑𝑑

= −𝜕𝜕𝜕𝜕𝑘𝑘
𝜕𝜕𝑑𝑑

    (1) 
where S is the field energy flux (energy flow per unit time per unit area), U is the field energy 

density (energy per unit volume), and UK is the particle kinetic energy density. (For simplicity 

we assume that the only forces on the particles are electromagnetic, so we do not need to account 

for other potential energies of the particles.) By Gauss's theorem, equation (1) says that the rate 

that energy flows out through the surface bounding a small volume at x equals the rate that 

energy decreases inside the volume. 

 

 
Figure 1: Many kinds of energy transfer occur in a system of fields and charged particles, e.g., 

an antenna or plasma. As charges are accelerated by the kinetic energy density uk changes. Also, 
the E and B fields change with time as the charges move, so the field energy density U changes. 

Waves may propagate away from the system with energy flux 𝐸𝐸 = 𝐸𝐸 × 𝑑𝑑/𝜇𝜇0. Poynting's 
theorem states that energy is conserved locally throughout the system. 



 
If a particle with charge q moves, then the change of its kinetic energy K is equal to the work 

done on q ; that is, dK = F . vdt. This relation is called the work-kinetic energy theorem. The 

force is q (E + V x B) but the magnetic force does no work, so 

 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑞𝑞E. V     (2) 
 
This result is for a single charged particle. To analyze a general continuous distribution of 

charge, with charge density ρ(x, t) and kinetic energy density ku(X, t), consider the total kinetic 

energy in an infinitesimal volume d3x at x. In this case the work-kinetic energy theorem is; 

 
𝜕𝜕𝜕𝜕𝑘𝑘
𝜕𝜕𝑑𝑑
𝑑𝑑3𝑥𝑥 = (𝜌𝜌𝑑𝑑3𝑥𝑥)E. v    (3) 

 
Completely analogous to (2), where v is the mean velocity of charges at x. Now, ρv is the current 

density J(x, t). Thus the rate of change of particle kinetic energy per unit volume is; 

 
𝜕𝜕𝜕𝜕𝑘𝑘
𝜕𝜕𝑑𝑑

= E. J     (4) 
 
Using this formula for the kinetic energy term in (1) the continuity equation expressing 

conservation of energy is 

 
 

∇. S = −∂u
∂t
− E. J    (5) 

 
This equation, together with the formulas for S(x, t) and u(x, t) derived below, is called 

Poynting’s theorem. Poynting determined the formulas for the energy flux S(x, t) and energy 

density u(x,t) of electromagnetic fields; his results, which we shall verify, are 

 
S =  1

π0
E × B,     (6) 

 
u = ε0

2
E2 + 1

2μ0
B2    (7) 

 
The fields and S and u are all functions of position x and time t. In the case of the energy density 

u, (7) is the same as the equations we deduced previously for static fields; but here the derivation 

is more rigorous because it is based on local conservation of energy. The energy flux S(x, t) is 



called the Poynting vector. The units of S are W/m2. The meaning of S is that if dA is a small 

area in the field, then the energy passing through dA in the time dt is (S · dA)dt. 

To verify (5) from Maxwell's equations is an exercise in vector calculus. Start with E . J, and 

substitute for J, from the Ampere-Maxwell law, 

 
J =  1

μ0
∇ × B − ε0

∂E
∂t

    (8) 
 

Now simplify E.J using various identities of vector calculus. For example, note that 
 

E. (∇ × B) = −∇. (E × B) + B. (∇ × E) 
= −∇. (𝐸𝐸 × 𝑑𝑑) − 𝑑𝑑. (𝜕𝜕𝑑𝑑 𝜕𝜕𝑑𝑑� ) 

 
The first line is a vector identity, and the second follows from Faraday’s law. Also, 
 

E. ∂E
∂t

= 1
2
∂E2

∂t
  and  B. ∂B

∂t
= 1

2
∂B2

∂t
 

 
Therefore, putting it all together, 
 

E. J = −∇. � 1
μ0

E × B� − ∂
∂t
�1

2
ε0E2 + 1

2μ0
B2�   (9) 

 
Poynting's theorem (5) follows immediately, with S and u in (6) and (7). Poynting used the same 

argument to obtain these results in 1884. Equations (6) and (7) describe the field energy in 

vacuum. We used the vacuum form of Maxwell’s equations to derive (5). If the calculation is 

redone for fields in matter the appropriate formulas are; 

S = E × H    (10) 
u =  1

2
(E. D + H. B)    (11) 

 
In this case, the energy transfer term 𝜕𝜕𝜕𝜕𝑘𝑘 𝜕𝜕𝑑𝑑�  is E.Jf , the work on the free charge only, because S 

and u include the internal energy of the bound charge and current as well as field energy. Strictly 

speaking (10) and (11) are only correct for linear materials. 

ELECTROMAGNETIC WAVES IN VACUUM: 

In this section we consider electric and magnetic fields without charges or currents. 

The Maxwell equations in vacuum, without any matter at all, i.e., with p = 0 and J = 0, are; 



∇. E = 0    (1) 

∇ × E = −∂B
∂t�    (2) 

∇. B = 0    (3) 

∇ × B = μ0ε0
∂E

∂t�   (4) 

Although no charge sources are present in the space being considered, fields may exist there in 

the form of electromagnetic waves. Charge somewhere else in the universe may have created the 

waves in the first place, but the waves continue to exist, and propagate through the vacuum with 

constant energy into places where no charge is present. 

There may also be static fields in a region where p = 0 and J = 0, produced by static charges and 

currents outside the region. But we are now interested in time-dependent fields, propagating 

through a vacuum, independent of any charge, so we ignore possible static field components. 

The purpose of this section is to find the mathematical properties of these wave solutions, and 

relate them to the physical properties of light and other forms of electromagnetic radiation. 

 

Derivation of the Wave Equation: 

The wave equation for a quantity φ(x, t) that has linear wave motion is 

∇2𝑑𝑑 − 1
𝑐𝑐2

𝜕𝜕2𝑑𝑑
𝜕𝜕𝑑𝑑 2 = 0   (5) 

where c is the wave speed. To see why c is the wave speed, consider propagation of plane waves 

in one dimension x, with φ independent of y and z. Then the equation is satisfied by any function 

of the form φ(x, t) = F(x - ct). If the function F (ξ) has a feature, e.g., an extremum or a node, at a 

certain value ξo of its argument, then that feature in the solution F(x -ct) is located at x = ξo + ct; 

the feature moves in the x direction with speed c.  

Equation (5) arises in many places in theoretical physics; for instance, q; could be the pressure or 

density in sound, the displacement from equilibrium of a point in an elastic medium, or the 

electric or magnetic field in light. To derive (5) from Maxwell's equations is rather 



straightforward. Use the “curl curl trick” consider ∇ × (∇ × E). By the double cross product 

identity, it is 

∇ × (∇ × E) = ∇(∇. E) − ∇2E = −∇2    (6) 

Where the second equality follows from equation (1), But ∇ × E = − ∂B
∂t

  by Faraday's law, and 

making this replacement on the left-hand side of (6) we can also write 

 
∇ × (∇ × E) = ∇ × �− ∂B

∂t
� = − ∂

∂t
(∇ × B) = −μ0ε0

∂2E
∂t2    (7) 

 
Where the final equality follows from (4), the displacement current. Comparing (6) and (7) we 

see that E(x, t) satisfies the wave equation; 

 

∇2E − μ0ε0
∂2E
∂t2 = 0        (8) 

 
The result is actually a vector equation. Each Cartesian component of E satisfies the wave 

equation of the form (11.74). By a similar calculation 17 B(x, t) satisfies the same equation 

 
∇2B − μ0ε0

∂2B
∂t2 = 0        (9) 

 
Equations (8) and (9) show that the fields obey the wave equation, but there is more to the story 

than that. What these equations do not show is the relationship between E and B in the wave. The 

waves in E and B are not independent, but must satisfy very strict conditions, which we will 

explore. For this reason, the waves are properly called electromagnetic. The speed of 

electromagnetic waves is, according to (8) and (9), 

 
𝑐𝑐 = 1

�𝜇𝜇0𝜀𝜀0
         (10) 

 
When Maxwell derived this result he knew the values of the electric and magnetic parameters 

EO and {to from experimental measurements of electric and magnetic forces. He found that the 

speed c calculated from (10), is, within the experimental errors, the same as the measured speed 

of light. By this mathematical theory Maxwell discovered that light is an electromagnetic wave 

phenomenon. 



Today we use (10) to determine the value of ε0. In SI units μ0 is assigned the value 4π x 10-7 

N/A2, which defines the ampere (A) as we learned already. Then ε0 is 

 

𝜀𝜀0 =
1

𝜇𝜇0𝑐𝑐2 = 8.85 × 10−12 𝐶𝐶2

𝑁𝑁𝑁𝑁2 

 
The experimental verification of the full theory comes from a comparison of this ε0 calculated 

from the wave speed, and the value of ε0 measured from the Coulomb force between static 

charges. The two methods of evaluating ε0 give the same result. 

Maxwell's theory of electromagnetic waves-solutions of the field equations-predicted the 

existence of forms of radiation that were unknown in his time, having wavelengths outside the 

range of visible light. These predictions were verified years later. For example, in 1887 Hertz 

discovered what we now call radio waves, which are long-wavelength electromagnetic waves. 

Also, in 1895 Roentgen discovered X rays, which we now know are short-wavelength 

electromagnetic waves. These, and all forms of electromagnetic radiation, travel with the same 

speed c in vacuum.  

The universality of the speed of light led to Einstein's theory of relativity in 1905. There exist 

electromagnetic waves with any wavelength, or frequency. The wavelength λ and frequency v 

are related by λv = c, a relation that holds for any kind of harmonic waves.  

 

PLANE ELECTROMAGNETIC WAVE PROPAGATION IN A NON-CONDUCTING 

ISOTROPIC MEDIUM (ISOTROPIC DIELECTRIC): 

A non-conducting medium which has same properties in all directions is called an isotropic 

dielectric. Maxwell’s equations are; 

∇. D = ρ     

∇. B = 0     

∇ × E = − ∂B
∂t

       

∇ × H = J + ∂D
∂t

     (1) 

In an isotropic dielectric (or non-conducting isotropic medium), we have 

D = εE, B = μH, J = σE = 0 and ρ = 0 

Therefore, Maxwell’s equations in this case take the form as; 

 



∇. E = 0   (a) 

∇. H = 0   (b) 

∇ × E = −μ ∂H
∂t

   (c) 

∇ × H = ε ∂E
∂t

   (d) 

           (2) 

Taking curl of equation (2c), we get 

Curl Curl E = −μ ∂
∂t

(Curl H)   

Substituting the Curl H from (2d) in above equation 

Curl Curl E = −μ ∂
∂t
�ε ∂E

∂t
�    

I,e  Curl Curl E = −με ∂
2E
∂t2     (3) 

Similarly if we take curl of (2d) and substitute curl E from (2c), we get 

Curl Curl H = −με ∂
2H
∂t2      (4) 

Using vector identity 

Curl Curl A = Grad. Div A- ∇2A 

And keeping in mind equations (2a) and (2b) I,e div.E = 0 and div H = 0 equations (3) and (4) 

give; 

∇2E − με ∂
2E
∂t2 = 0  `    (5) 

 

∇2H − με ∂
2H
∂t2 = 0      (6) 

These equations are vector equations of identical form which means that each of the six 

components of E and H separately satisfies the same scalar wave equation of the form; 

∇2u − με ∂
2u
∂t2 = 0       (7) 

Where u is a scalar and can stand for any one of components of E and H. It is obvious that 

equations (6) resembles with the general wave equation; 

∇2u − 1
v2

∂2u
∂t2 = 0       (8) 

Where v is the speed of the wave. 



This means that the field vector E and H are propagated in isotropic dielectric as waves with 

speed v given by 

𝑣𝑣 = 1
�(𝜇𝜇𝜀𝜀 )

= 1
�(𝑑𝑑𝑁𝑁𝜇𝜇0𝑑𝑑𝑒𝑒𝜀𝜀0)

      (9) 

Where Km is relative permeability and Ke is relatively permittivity (or dielectric constant) of the 

medium. 

As  1
�𝜇𝜇0𝜀𝜀0

= 𝑐𝑐 is the speed of electromagnetic waves in free space.  

Therefore     v = 𝑐𝑐
�𝑑𝑑𝑁𝑁𝑑𝑑𝑒𝑒

.     (10) 

Since Km >1 and Ke >1 thereby indicating that the speed of electromagnetic waves is an 

isotropic dielectric is less than the speed of electromagnetic waves in free space. As we know 

that n =c/v i,e v = c/n indicating that n = �𝑑𝑑𝑁𝑁𝑑𝑑𝑒𝑒  

Replacing με by 1/v2, wave equations (5) and (6) may be expressed as; 
 

∇2E − 1
v2

∂2E
∂t2 = 0  `    (11) 

 

∇2H − 1
v2

∂2H
∂t2 = 0      (12)  

 
The plane wave solutions of equations (11) and (12) in well known form may be written as  

E (r, t) = E0eiK .r−iωt      (13) 

H(r, t) =  H0eiK.r−iωt      (14) 

Where E0 and H0 are complex amplitudes which are constant in space and time: while k is wave 

propagation vector given by : 

 𝑘𝑘 = 𝑘𝑘�𝑛𝑛 = 2𝜋𝜋
𝜆𝜆
𝑛𝑛� = 𝜔𝜔

𝜐𝜐
𝑛𝑛�      (15) 

Relative directions of E and H: the requirement ∇. E = 0 and ∇. H = 0 demand that K.E = 0 

and K.H = 0. Comparing (7) and (8) , we see that 𝑣𝑣 =  1

√𝜇𝜇𝜀𝜀
 . This means that the field vector E 

and H are both perpendicular to the direction of propagation vector k. this implies that 



electromagnetic waves in an isotropic dielectric are transverse in nature. Further restrictions are 

provided by curl equations (2c) and (2b) such as; 

Curl E = −μ
∂H
∂t

 and Curl H = ε
∂E
∂t

 

Using (13) and (14) these equations yield  

K × E = μωH       (16) 

K × H = −εωE      (17) 

From these equations it is obvious that field vectors E and H are mutually perpendicular and are 

also perpendicular to the direction of propagation vector k. this in turn implies that in a plan 

electromagnetic wave in an isotropic dielectric, vector (E, H, k) for a set of orthogonal vectors 

which form a right handed coordinate system. 

 

POLARIZATION OF ELECTROMAGNETIC WAVES: 

An electromagnetic wave in which the electric field vector E maintains a fixed direction 

relative to direction of propagation, is used to be linearly polarized with polarization vector E. 

we know that electric and magnetic field vectors are generally perpendicular to each other and 

also perpendicular to the direction of propagation of electromagnetic wave. Hence such 

electromagnetic waves are plane polarized. The plane containing the direction of propagation 

and field vector H is known as the plane of polarization of optics, while the plane d containing 

field vector E and direction of propagation is called the plane of vibration. 

Any plane polarized wave can be considered to be the sum of two plane-polarized 

components in perpendicular directions, but in phase. For example in fig.1 the field vector E can 

be resolved in two mutually perpendicular components E1 and E2. These two independent 

components which are in phase may be expressed as  

𝐸𝐸1 = 𝑛𝑛1𝐸𝐸1
0𝑒𝑒𝑖𝑖 .𝑘𝑘−𝑖𝑖𝜔𝜔𝑑𝑑      (1) 

𝐸𝐸2 = 𝑛𝑛2𝐸𝐸2
0𝑒𝑒𝑖𝑖 .𝑘𝑘−𝑖𝑖𝜔𝜔𝑑𝑑      (2) 

Therefore the general solution of plane-polarized wave may be expressed as  

𝐸𝐸(𝑟𝑟, 𝑑𝑑) = (𝑛𝑛1𝐸𝐸1
0 + 𝑛𝑛2𝐸𝐸2

0)𝑒𝑒𝑖𝑖 .𝑘𝑘−𝑖𝑖𝜔𝜔𝑑𝑑   (3) 

Where 𝐸𝐸1
0𝑎𝑎𝑛𝑛𝑑𝑑 𝐸𝐸2

0 must have the same phase so that the wave might be plane polarized. The 

polarization vector E has magnitude E0 =  �[(E1
0)2 + (E2

0)2] and makes an angle 



 𝜃𝜃 = tan−1 �𝐸𝐸2
0

𝐸𝐸1
0� �with n1. 

 
Fig. 1 Electric field of a linearly polarized wave 

If  𝐸𝐸1
0𝑎𝑎𝑛𝑛𝑑𝑑 𝐸𝐸2

0 have different phases, the wave (3) is elliptically polarized. To understand 

its meaning let us consider the simplest case of circular polarization. If 𝐸𝐸1
0𝑎𝑎𝑛𝑛𝑑𝑑 𝐸𝐸2

0 have the same 

real magnitude E0 say, but differ in phase by 900, then equation (3) may be expressed as  

𝐸𝐸 (𝑟𝑟. 𝑑𝑑) = 𝐸𝐸0(𝑛𝑛1 ± 𝑖𝑖𝑛𝑛2)𝑒𝑒𝑖𝑖 .𝑘𝑘−𝑖𝑖𝜔𝜔𝑑𝑑     (4) 

If we choose the axes so that the wave is propagating in the positive Z-direction, while E1 and E2 

are along X and Y directions respectively, then the components of actual electric field, obtained 

by taking real part of (4) are 

𝐸𝐸𝑥𝑥(𝑟𝑟. 𝑑𝑑) = 𝐸𝐸0𝑐𝑐𝑐𝑐𝑠𝑠 (𝑘𝑘𝑘𝑘 − 𝜔𝜔𝑑𝑑)      

𝐸𝐸𝑦𝑦(𝑟𝑟. 𝑑𝑑) = ∓𝐸𝐸0𝑠𝑠𝑖𝑖𝑛𝑛 (𝑘𝑘𝑘𝑘 − 𝜔𝜔𝑑𝑑)     (5) 

Squaring the equations (5) and adding we get, 

𝐸𝐸𝑥𝑥2 + 𝐸𝐸𝑦𝑦2 = 𝐸𝐸0
2 𝑖𝑖, 𝑒𝑒 𝐸𝐸𝑥𝑥

2

𝐸𝐸0
2 + 𝐸𝐸𝑦𝑦2

𝐸𝐸0
2 = 1     (6) 

Which is the equation of a circle. Thus at a fixed point in space, the fields (5) are such that the 

electric field vector is constant in magnitude , but sweeps around in a circle at a frequency ω. For 

the upper sign (n1+in2), the rotation in anticlockwise when the observer is facing onto the 

oncoming wave. This is called the left handed circularly polarized light and sometimes this wave 

is said to have positive helicity. For the lower sign (n1+in2), the rotation of E is clockwise, then 



looking into the wave , this wave is called right handed circularly  polarized light  and is said to 

have negative helicity. 

 
Fig. 2: Circularly Polarized wave 

If the amplitudes 𝐸𝐸1
0 and 𝐸𝐸2

0 are not equal in magnitude then we may write equation (5) as: 

𝐸𝐸𝑥𝑥(𝑟𝑟. 𝑑𝑑) = 𝐸𝐸1
0𝑐𝑐𝑐𝑐𝑠𝑠 (𝑘𝑘𝑘𝑘 − 𝜔𝜔𝑑𝑑)      

𝐸𝐸𝑦𝑦(𝑟𝑟. 𝑑𝑑) = ∓𝐸𝐸2
0𝑠𝑠𝑖𝑖𝑛𝑛 (𝑘𝑘𝑘𝑘 − 𝜔𝜔𝑑𝑑)     (7) 

Squaring and adding, we obtain  

𝐸𝐸𝑥𝑥2

�𝐸𝐸1
0�

2 + 𝐸𝐸𝑦𝑦2

�𝐸𝐸2
0�

2 = 1      (8) 

Which is the equation of ellipse. This indicates that the resultant wave is 

elliptically polarized as shown in figure 3. 

 
Fig. 3: Elliptically Polarized wave 


